The unsteady laminar boundary layer flow of a nanofluid and heat transfer over a permeable shrinking cylinder using the Buongiorno 
INTRODUCTION
The flow and heat transfer due to a stretching/shrinking sheet has become an important problem in engineering processes with application in industries such as in metal, food and plastic productions (Wang 1988) . It has gained considerable interest among large number of researchers since the past few decades. Recently, a quite number of studies have been carried out on stretching/shrinking cylinder. The pioneering work on this topic was done by Wang (1988) when investigating the flow outside a stretching hollow cylinder in an ambient fluid. This problem was then extended by Ishak et al. (2008a Ishak et al. ( , 2008b with uniform suction/injection and magnetic field effects. Later, Wang and Ng (2011) obtained the similarity solution due to a stretching of a cylinder with a partial slip boundary condition, while Wang (2012) investigated the flow and mixed convection due to a vertical stretching cylinder. The flow over an expanding stretching cylinder was analyzed by Fang et al. (2011) . In a subsequent paper, Fang et al. (2012) updated the latest development in this topic by solving the unsteady viscous flow on the outside of an expanding or contracting cylinder. Mukhopadhyay (2012) studied a steady mixed convection boundary layer flow and heat transfer over a stretching cylinder in a porous medium and found the similarity solutions using the shooting method. Recently, Wan Zaimi et al. (2013) have solved numerically the unsteady viscous flow due to a shrinking cylinder with suction effect using a shooting method. The duality nature of the solution was reported for a certain range of the suction and unsteadiness parameters. On the other hand, Dhanai et al. (2016) investigated numerically the mixed convection flow and heat transfer of uniformly conducting nanofluid over an inclined cylinder using the Buongiorno's nanofluid model under the influence of slip and viscous dissipation effects. Most recently, Mohamed et al. (2016) investigated the effect of viscous dissipation on the free convection boundary layer flow over a horizontal circular cylinder in a nanofluid with constant wall temperature.
There are some applications on the flow over a stretching/shrinking cylinder in industrial and engineering processes. Simal et al. (1998) developed a sample shrinkage model, which is useful for the simulation of the drying curves of broccoli stems at different air drying temperatures and sample lengths, thus can predict the drying times and end-point of a drying process. They also insisted that their model could be applied to simulate the drying curves of different biological and cylindrical products.
The considerable interest received for the flow in a nanofluid is motivated by the fact that nanofluids provide good stability and rheological properties (Duangthongsuk & Wongwises 2008) . The term 'nanofluid', defined as a mixture of nanoparticles and the base fluid e.g. water and oil was first coined by Choi (1995) . This mixture is able to enhance the thermal conductivity and convective heat transfer coefficient compared to the base fluid (Kakac & Pramuanjaroenkij 2009) . A good literature review on this topic can be found in the book by Das et al. (2007) and in the review papers by Buongiorno (2006) , Duangthongsuk and Wongwises (2008) , Kakac and Pramuanjaroenkij (2009) , Trisaksri and Wongwises (2007) and Wang and Mujumdar (2008) .
The aim of the present paper was to investigate the unsteady flow due to a permeable shrinking cylinder in a nanofluid using the model proposed by Buongiorno (2006) . In this work, we focus on the flow induced by a shrinking cylinder in a nanofluid that particularly has not been considered before. This study also concern on the flow over a shrinking cylinder with a time-dependent diameter and the flow is control by the unsteadiness parameter. The present problem is formulated in such a manner that the partial differential equations governing the flow, temperature and concentration fields are first transformed to ordinary differential equations, which are solved numerically using a shooting method. To understand the flow behavior and heat transfer characteristics, results are obtained for the skin friction coefficient, the Nusselt number and the Sherwood number which are presented graphically and discussed.
MATHEMATICAL FORMULATION
Consider an unsteady laminar boundary layer flow of a nanofluid over a circular cylinder in shrinking motion as shown in Figure 1 . It is assumed that the diameter of the cylinder is a function of time with unsteady radius , where β is the constant of the expansion/ contraction strength, t is the time and a 0 is the radius of the cylinder at the initial time t = 0. For the unsteady and incompressible nanofluids, the following four equations embodying the conservation of mass, momentum, thermal energy and nanoparticle volume fraction in the vectorial form are (Buongiorno 2006; Kuznetsov & Nield 2010) , Continuity:
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Nanoparticle volume fraction: (4) where v = 〈 u, w 〉 is the velocity vector; T is the temperature C is the nanoparticle volume fraction; p is the pressure; ν is the kinematic viscosity; ρ is the fluid density; D B is the Brownian diffusion coefficient; and D T is the thermophoretic diffusion coefficient.
Based on the axisymmetric flow assumptions and that there is no azimuthal velocity component, the three-dimensional unsteady Navier-Stokes equations for incompressible fluid without body force in cylindrical coordinates, (1) -(4) can be written as (Bejan 2013) .
Continuity:
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Due to axial symmetry, only two components in the cylindrical coordinates, i.e. r and z which are measured in the radial and axial directions, respectively (Fang et al. 2011) .
The boundary conditions of these equations are taken to be ,
where U (<0) is the constant mass transfer (suction) velocity; T w is the constant surface temperature; C w is the constant surface nanoparticle volume fraction; while T ∞ and C ∞ are the constant temperature and nanoparticle volume fraction far from the surface of the cylinder (inviscid fluid), respectively. We now introduce the following similarity variables (Fang et al. 2012) .
Based on the defined velocity components, it is clear to derive from (6) that the pressure gradient ∂p/∂r is a function of time t and r, which is independent on z. Mathematically, this can be written as ∂p/∂r = A(t, r) implies where B (t, z) is the constant of the integration. Therefore, it can be shown that ∂p/∂z = ∂B(t, x) /∂z. Hence, ∂p/∂z is independent on r. Then, evaluating (7) at r → ∞ yields ∂p/∂z = 0 (Fang et al. 2012) . Thus, substituting (11) into (7) to (9), we obtain the following ordinary differential equations (12)- (14) while (5) is satisfied automatically.
. (13) . (14) The boundary conditions (10) now become ,
where prime denotes differentiation with respect to η; Pr is the Prandtl number; Le is the Lewis number; γ is the suction parameter; S is the unsteadiness parameter; Nb is the Brownian motion parameter and Nt is the thermophoresis parameter, which are defined as .
The suction parameter γ indicates the strength of the mass transfer at the surface, the constant S is the unsteadiness parameter for a contracting cylinder, displays the strength of the contraction. The Brownian motion parameter Nb can be observed as random drifting of suspended nanoparticles. The thermophoresis parameter Nt represents the nanoparticle migration due to imposed temperature gradient across the fluid.
Based on previous discussion, the fluid pressure does not depend on z. Therefore, the pressure can be obtained from (6) as,
The quantities of physical interest are the skin friction coefficient C f , the Nusselt number Nu x and the Sherwood number Sh x , which can be expressed as, (18) where τ w is the surface shear stress; q w is the surface heat flux; and q m is the surface mass flux, which are defined as, (19) with μ being the dynamic viscosity; and k being the nanofluid thermal conductivity. Substituting (11) into (19), and using (18), we get (20)
RESULTS AND DISCUSSION
The system of nonlinear ordinary differential (12)- (14) subject to the boundary conditions (15) was solved numerically using a shooting method described by Jaluria and Torrance (2003) . The numerical results are presented to carry out a parametric study showing the effects of the suction parameter γ and the unsteadiness parameter S on the velocity, temperature and concentration profiles as well as the heat transfer characteristics. In this method, dual solutions are obtained by using different initial guesses for the values of , -θ́(1) and -φ́ (1), where all related profiles satisfy the far field boundary conditions (15) asymptotically but with different shapes and boundary layer thicknesses.
In order to show the validity and accuracy of the present numerical results obtained, we compare previously numerical results obtained with those of Fang et al. (2012 Fang et al. ( , 2011 for the case of viscous flow without considering nanoparticles in the base fluid. Table 1 shows the  comparison values of with those given by Fang et al. (2011) for the case of unsteady viscous flow over a stretching cylinder. This comparison was obtained by setting (stretching case) in the boundary condition (15) and taking Re = 1 in (5) (Fang et al. 2011 ). The present numerical results has also been compared with those presented by Fang et al. (2012) for the unsteady viscous flow over an expanding or contracting cylinder by setting in the boundary condition (15) as shown in Table 2 . It can be observed that the comparisons are in excellent agreement, thus give confidence to the results for the shrinking cylinder case to be reported further. The values of the skin friction coefficient in terms of , the Nusselt number -θ́(1) and the Sherwood number -φ́(1) which represent the friction, the heat transfer and the concentration rates at the surface respectively, are presented in Table 3 for several values of γ. It is seen that dual solutions exist for each particular values of γ. We term them first and second solutions with the first solution has larger value than the second solution. Table 4 presents the values of S c for some values of γ. It is further observed that suction effect is to widen the range of S for which the solution exists, which clearly shown in Figures 2-4 . It is worth to highlight that a stability analysis of the multiple solutions for similar flow problem has been done by Harris et al. (2009 ), Merkin (1985 , Paullet and Weidman (2007) , Postelnicu and Pop Rosca and Pop (2013) and Weidman et al. (2006) . They showed that the first solutions are linearly stable and physically relevant, whereas the second solutions are not. We expect this finding hold to the present results.
In Figure 2 , increasing values of γ is to increase the magnitude of . Physically, this observation occurs because of the suction effect which increases the skin friction coefficient. In contrast, increasing S is to decrease the magnitude of . In Figures 3 and 4 , the increasing of γ increases both the heat transfer rate and the concentration rate (in absolute sense) at the surface. In contrast, it is seen that increasing S is to decrease (in absolute sense) both the heat transfer and the concentration rates at the surface, for both first and second solutions. Figure 5 presents the effects of the suction parameter γ on the velocity profiles when the other parameters are fixed. For the first solution, which we expect to be the physically realizable solutions, it is seen that the velocity of the fluid inside the boundary layer decreases with increasing γ, as a consequence increases the velocity gradient at the surface. Therefore, the skin friction coefficient increases, which is consistent with the results presented in Figure 3 . The opposite trend is observed for the second solution. It is further observed that the boundary layer thickness decreases with increasing γ for the first solution, due to the fact that the velocity penetration into the fluid becomes shorter in the presence of suction. It is also noticed that the positive velocity gradient at the surface is shown for the first solutions, while those of the second solutions have negative velocity gradient, which is again consistent with the results presented in Figure 2 . The suction effect on the temperature profiles is displayed in Figure 6 . We found that the temperature decreases with increasing γ for both solutions. This observation occurs due to suction effect that decreases the thermal boundary layer thickness, which implies an increase in the temperature gradient at the surface. As a result, it increases the heat transfer rate at the surface as illustrated in Figure 3 . The temperature difference between the first and second solutions is small compared to those of the velocity profiles presented in Figure 5 . Figure 7 is depicted to examine the influence of the suction parameter γ on the concentration profiles. It is noticed that concentration inside the boundary layer decreases as γ increases. All velocity, temperature and concentration profiles presented in Figures 5-7 satisfy the infinity boundary conditions (15) 
CONCLUSION
The problem of unsteady flow due to a permeable shrinking cylinder in a nanofluid using the nanofluid model proposed by Buongiorno was investigated. The transformed nonlinear ordinary differential equations were solved numerically using a shooting method. The effects of the suction and the unsteadiness parameters on the fluid flow and heat transfer characteristics were presented graphically and discussed. It is observed that suction increases the skin friction coefficient, the Nusselt number and the Sherwood number, in absolute sense. It was also found that increasing the unsteadiness parameter is to decrease the magnitude of the skin friction coefficient, the Nusselt number and the Sherwood number. Furthermore, it was found that nonunique solutions exist for a certain range of the suction and the unsteadiness parameters.
